In this paper, we study a class of periodic SEIRS epidemic models and it is shown that the global dynamics is determined by the basic reproduction number R 0 which is defined through the spectral radius of a linear integral operator. If R 0 < 1, then the disease free periodic solution is globally asymptotically stable and if R 0 > 1, then the disease persists.
Introduction
In this paper, we consider the following periodic SEIRS system
S(t) = λ(t) − β(t)S(t)I(t) − μ(t)S(t) + δ(t)R(t), d dt E(t) = β(t)S(t)I(t) − μ(t) + ε(t) E(t), d dt I(t) = ε(t)E(t) − μ(t) + γ (t) I(t), d dt R(t) = γ (t)I(t) − μ(t) + δ(t) R(t), (1.1) with initial condition (S(0), E(0), I(0), R(0))
= (S 0 , E 0 , I 0 , R 0 ) ∈ R 4 + . λ
(t), β(t), μ(t), δ(t), ε(t) and γ (t) are continuous, positive ω-periodic functions. The function λ(t)
is the growth rate of the population, β(t) is the disease transmission coefficient, μ(t) is the instantaneous per capita mortality rate, ε(t), γ (t) and δ(t) are the instantaneous per capita rates of leaving the latent stage, infected stage and recovered stage, respectively. It is assumed that after the initial infection, a host stays in a latent period before becoming infectious. S(t), E(t), I(t) and R(t) denotes susceptible, exposed (infected but not infectious), infectious and recovered population at time t 0, respectively.
Many authors have studied mathematical models which describe the dynamical behavior of the transmission of infectious disease in the host population (see also [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and the references therein). Also SEIRS models with constant coefficients (autonomous systems) have been studied in many literature (see also [5] [6] [7] 10] and references therein) and it is known that the basic reproduction number is the threshold parameter between the extinction and the persistence of the disease for (1.1) with constant coefficients.
However, many disease show seasonal behavior and taking account of seasonally in epidemic models is important. Ma and Ma [8] studied SEIRS models with seasonal fluctuations. They showed that if the basic reproduction number of the timeaveraged autonomous system is less than 1, then the disease cannot invade the host population in a periodic environment. But this condition is only a sufficient condition and not a necessary condition. Their numerical simulation suggests that their parameter does not work as the threshold parameter between the extinction and the persistence of the disease for a periodic SEIR model (see also [8, Theorem 9,  Fig. 1] ). Zhang and Teng [17] also studied (1.1) and established some sufficient conditions for the permanence and the extinction of the disease. They also could not find the threshold condition for the permanence and the extinction and left some questions, that is, whether or not a value of a integral form on the basis of the basic reproduction number of the time-averaged autonomous system can be the threshold parameter for the permanence and the extinction of the disease for (1.1) (see also [17, Remarks 4.1 and 4.3, Questions 1 and 2]). But our results in this paper give a negative answer to this question.
Recently, Bacaër and Guernaoui [2] presented a general definition of the basic reproduction number in periodic environments and Wang and Zhao [15] established the basic reproduction number for a wide class of compartmental epidemic models in periodic environments. From these papers, we see that the basic reproduction number for the periodic epidemic model are generally different from the basic reproduction number of the time-averaged autonomous system (see also [1, 3] ). Wang and Zhao [15] proved that the basic reproduction number is the threshold parameter for the local stability of the disease free periodic solution for a general periodic epidemic model.
But, whether or not the global dynamics of (1.1), such as the global asymptotic stability of the solution, persistence, permanence and extinction of the disease, are determined by the basic reproduction number is still an open problem. These concepts play an important role in epidemiology and in this paper we give an affirmative answer to this question. We show that if the basic reproduction number is less than 1, then the disease free periodic solution is globally asymptotically stable and if the basic reproduction number is greater than 1, then the disease persists. Our results really improve Zhang and Teng [17] in the sense of that our condition is a threshold condition between the extinction and the uniform persistence of the disease. This paper is organized as follows. In Section 2, we introduce some basic results and define the basic reproduction number of (1.1). In Section 3, we show that the basic reproduction number is the threshold parameter between the extinction and the uniform persistence of the disease. In Section 4, we present numerical simulations which support our theoretical analysis and compare with the previous results in Zhang and Teng [17] . Moreover, with an approximation method which is proposed in Bacaër [1] , it is shown that the eradication policy on the basis of the basic reproduction number of the time-averaged system may overestimate the infectious risk of the periodic disease. Section 4 gives a brief discussion of our main results.
2.
The basic reproduction number of (1.1)
Let A(t) be a continuous, cooperative, irreducible and ω-periodic k × k matrix function, Φ A (t) be the fundamental Next, we show that the existence of the disease free periodic solution of (1.1). To find the disease free periodic solution of (1.1), we consider the following equation 
where
which implies that Γ is a forward invariant compact absorbing set for (1.1). Next, we put
Let us define the basic reproduction number of (1.1), by applying the theory in Wang and Zhang [15] with 
It is easy to see that the conditions (A1)-(A5) are satisfied. We know that (2.5) has the disease free periodic solution
where f i (t, x(t)) and x i is the i-th component of f (t, x(t)
) and x, respectively. From (2.4), we obtain
and hence, r(Φ M (ω)) < 1, which implies that x * (t) is linearly asymptotically stable in the disease free subspace X s = {(0, 0, S, R) ∈ R 4 + }. Thus, the condition (A6) also holds. Next, we set F (t) and V (t) are 2 × 2 matrices defined by F (t) = (
where I is 2 × 2 identity matrix. Therefore, the condition (A7) holds.
Let C ω be the ordered Banach space of all ω-periodic function from R → R 2 , which is equipped with maximum norm · ∞ and the positive cone C + ω = {φ ∈ C ω : φ(t) 0, for any t ∈ R}. Consider the following linear operator L :
Finally, we can define the basic reproduction number R 0 of (1.1) as follows
From the above discussion, we obtain the following result for the local asymptotic stability of the disease free periodic solution (S * (t), 0, 0, 0) for (1.1). 
Thus, (S * (t), 0, 0, 0) of (1.1) is asymptotically stable if R 0 < 1, and unstable if R 0 > 1.
Threshold dynamics
In this section, we show that if R 0 < 1, then the disease free periodic solution (S * (t), 0, 0, 0) is globally asymptotically stable and hence, the disease dies out. Next, we show that if R 0 > 1, then I(t) is uniform persistence, and hence the disease persists. Consequently, the basic reproduction number R 0 is the threshold parameter between the extinction and the uniform persistence of the disease. 
(t)E(t) − μ(t) + γ (t) I(t),
for t > T 1 . Put M 2 (t) be the 2 × 2 matrix function such that M 2 (t) = 0 β(t)
E(t) = β(t) S * (t) + 1 I(t) − μ(t) + ε(t) E(t), d dt I(t) = ε(t)E(t) − μ(t) + γ (t) I(t).

By Lemma 2.1 and the standard comparison principle, there exists a positive ω-periodic function v 1 (t) such that J (t) v 1 (t) exp(p 1 t) where J (t) = (E(t), I(t)) T and p
Then we see that lim t→+∞ E(t) = 0 and lim t→+∞ I(t) = 0. It follows that lim t→+∞ R(t) = 0.
Moreover, we obtain that
Hence, the disease free periodic solution (S * (t), 0, 0, 0) is globally attractive and the proof is complete. 2
From Lemma 2.2, we see that lim t→+∞ (N(t) − S * (t)) = 0. Hereafter, we restrict our attention to the case, R 0 > 1 and consider the following limit system
S(t) = λ(t) − β(t)S(t)I(t) − μ(t)S(t) + δ(t) S * (t) − S(t) − E(t) − I(t) , d dt E(t) = β(t)S(t)I(t) − μ(t) + ε(t) E(t), d dt I(t) = ε(t)E(t) − μ(t) + γ (t) I(t).
(3.1)
+ be the Poincaré map associated with (3.1), that is
where u(t, x 0 ) is the unique solution of (3.1) with u(0, x 0 ) = x 0 . We define
We see that both X and X 0 are positively invariant and P is point dissipative from Lemma 2.2. Set
To use the theory of uniform persistence developed in Zhao [19] 
Therefore, for any cases, it follows that (S(t), E(t), I(t))
/ ∈ ∂ X 0 for 0 < t 1. Thus, the positive invariance of X 0 implies (3.2). By the discussion in Section 2, it is clear that there is one fixed point (S * (0), 0, 0) of P in M ∂ . Now we are in a position to introduce the following result of the uniform persistence of the disease and we see that R 0 is the threshold parameter for the extinction and the uniform persistence of the disease. 
Proof. At first, we show that P is uniformly persistent with respect to (X 0 , ∂ X 0 ), because this implies that the solution of 
Let us consider the following perturbed equation 
. By the continuity of the solution with respect to the initial condition, there exists α * such that for
We show that lim sup
Without loss of generality, we can assume
Then, from the above discussion, we have that 
S(t) λ(t) − β(t)S(t)α − μ(t)S(t).
Since the fixed point S * α (0) of the Poincaré map associated with (3.3) is globally attractive and S * α (t) > S * (t) − η, there exists a large enough T 2 > 0 such that
Then, we obtain that for t > T 2 
(t) λ(t) − β(t)S(t)Ĩ(t) − μ(t)S(t),
withS(0) =S(nω) = 0, n = 1,
(t) λ(t) − β(t)S(t)(N
There exists a large n such that nω > T 3 for n > n. By the comparison principle, we obtaiñ 
S(nω)
S (0) + nω 0 λ(s)e s 0 (μ(u)+β(u)(N+ 3 )) du ds e − nω 0 (μ(s)+β(s)(N+ 3 )) ds > 0 for n > n,
Applications
In this section, we consider the following periodic SEIRS model Clearly, now it holds that R = 0.04 > 0, which implies that we can eradicate the disease, even if R > 0. Thus, R cannot be the threshold parameter for the extinction and the uniform persistence of the disease. In this case, we see k 2 −0.0928 . . . < 0, but the disease persists and this case does not satisfy their condition.
Discussion
In this paper, we consider a class of periodic SEIRS epidemic models. It is shown that the global dynamics is determined by the basic reproduction number R 0 . If R 0 < 1, then the disease free periodic solution is globally asymptotically stable and the disease dies out. If R 0 > 1, then the disease persists. Clearly, our condition is the threshold condition between the extinction and the uniform persistence of the disease, and hence our results improve the results in [17] for the periodic case. Moreover, with the approximation method which is proposed in Bacaër [1] , we show that the eradication policy on the basis of the basic reproduction number of the time-averaged system may overestimate the infectious risk of the periodic disease.
